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We derive the closure relation for N polaritons made of three different types of excitons: bosonized 
excitons, Frenkel or Wannier excitons. In the case of polaritons made of Wannier excitons, we show 
how this closure relation, which appears as non-diagonal, may reduce to the one of N elementary 
bosons, the photons, with its 1/7V! prefactor, or to the one of N Wannier excitons, with its (1/AH) 2 
prefactor. Widely different forms of closure relations are thus found depending on the composite 
bosons at hand. Comparison with closure relations of excitons, either bosonized or kept composite 
as Frenkel or Wannier excitons, allows us to discuss the influence of a reduction of the number of 
internal degrees of freedom, as well as the importance of the composite nature of the particles and 
the existence of fermionic components. 

PACS numbers: 71.36.+c,71.35.-y,71.35.Lk 



I. INTRODUCTION 

Although it is widely claimed that an even number of 
fcrmions behaves as a boson, this cannot be fully correct 
due to a very fundamental reason: replacing a pair of free 
fermions by an elementary boson is a drastic alteration 
of phase space. This must in particular reflect strongly 
through closure relations. We have actually shown [H, Q 
that the closure relation for N Wannier excitons, which 
would read 



for bosonized excitons [HIH, i.e., excitons with creation 
operators assumed to be such that 
transformed into 

2 



N 



1 



T, B n--- B ]»^\ B ^--- B n (2) 



when the exciton composite nature of the Wannier exci- 

is taken 



tons is kept, i.e., when the commutator 

not exactly equal to by j . 

The huge prefactor change, from 1/Nl to (1/AH) 2 , has 
drastic consequences on all sum rules: indeed, the ones 
in the exact fermion subspace differ from the ones in the 
mapped bosonic subspace, whatever the mapping proce- 
dure is. Note that this difference which exists for N = 2 
excitons already, i.e. for a vanishingly small density, de- 
stroys the widely spread belief that bosonization should 
be valid in the small density limit at least. 
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Difference in closure relations has already been shown 
to be of practical use: it has allowed us to rederive [H,[I[, 
without calculation, the puzzling factor 1/2 difference we 
found between the lifetime of N ground state excitons 
and the sum of their scattering rates towards all the other 
iV-exciton states, as first derived in ((J through the ex- 
plicit calculations of these two quantities separately. This 
quite fundamental factor 1/2 difference between compos- 
ite and elementary excitons implies that, if we manage 
to construct a bosonization procedure which gives correct 
scattering rates, we are going to miss the correct lifetime 
by a factor of 2: this consequence of bosonization cannot 
be seen as a marginal effect, definitely. 

The prefactor change from 1/N\ to (I/AH) 2 in the clo- 
sure relation of N Wannier exciton states is however not 
generic for all composite bosons, as revealed when consid- 
ering Frenkel excitons. Indeed, while Wannier exciton is 
constructed on delocalized electron and delocalized hole, 
so that the corresponding pair has two degrees of free- 
dom, k e and k/j , Frenkel exciton is made of atomic exci- 
tations, its electron and its hole being on the same site. 
The corresponding pair thus has one degree of freedom 
only, the index n of the atomic site which is excited. In a 
recent work Q , we have shown that the closure relation 
for A~ Frenkel excitons has the same 1/AH prefactor as the 
one for N elementary bosons: this is after all reasonable 
since Frenkel exciton has one degree of freedom only, its 
wavevector Q just as the localized electron-hole pairs on 
which they are constructed. On the contrary, in addition 
to its center-of-mass momentum Q, Wannier exciton has 
a second degree of freedom, namely its relative motion 
index rj. The two degrees of freedom Qj) of Wannier 
exciton i are nothing but the memory of the two degrees 
of freedom of the free electrons and free holes, k e and k^, 
out of which Wannier exciton is made. 
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Another composite boson of physical interest is clearly 
the polariton [8| : being linear combination of one elemen- 
tary boson, the photon, and one composite boson made 
of two fermions, the exciton, the polariton is a far more 
complicated particle: depending on the relative weight of 
the photon in the polariton, i.e., the so-called Hopficld 
coefficients, the polariton can go from a pure elementary 
boson to a two-fermion boson. The purpose of this pa- 
per is to show how this appears in the closure relation 
on N polaritons. When compared to the closure relation 
of N elementary bosons, N Frenkel excitons or N Wan- 
nier excitons, the closure relations of N polaritons made 
of bosonized excitons, Frenkel excitons or Wannier exci- 
tons will allow us to better grasp the fundamental con- 
sequences of fermionic components in composite bosons. 

The paper is organized as follows: in Section [Til we 
come back to the basic idea behind a pair of fermions 
behaving as a boson, to emphasize difference between el- 
ementary and composite bosons. We briefly rederive the 
closure relations of Wannier and Frenkel excitons with 
a special focus on the physical origin of the prefactor 
change. We also recall some fundamental results on po- 
laritons. 

In Section IIII[ we mainly derive the closure relation 
for N polaritons made of photons and Wannier exci- 
tons. A convenient way to do this is to start from the 
one in the uncoupled photon-exciton subspace. Even for 
N = (2,3,4), the expressions obtained appear at first as 
rather complicated; in particular, in contrast with the 
closure relation for Wannier excitons, they involve non- 
diagonal terms in polariton operators. A careful study of 
these various terms however makes their physical origin 
rather clear: since polaritons can go from pure photons 
to pure excitons, this fundamental change has to appear 
in their closure relation; clearly we must find the elemen- 
tary boson prefactor 1/N\ if all polaritons are taken as 
pure photons, and the Wannier exciton prefactor (l/N\) 2 
if they are taken as pure excitons, the exciton part of the 
polaritons appearing explicitely otherwise. We end this 
Section by studying the effect of the quantum particle 
composite nature through polaritons made of bosonized 
excitons. We also study the effect of fermionic compo- 
nents by considering polaritons made of Frenkel excitons. 
In these last two cases, the closure relation of N po- 
laritons is found to reduce to the one of N elementary 
bosons. 

In the last Section, we compare all the closure relations 
for composite bosons we now have at hand. This leads 
us to conclude that it is not so much the composite bo- 
son nature of the particles, nor their possible fermionic 
components, that determine the form of their closure re- 
lation. Indeed, we find not only the elementary boson 
prefactor for very different composite bosons, but also 
very different prefactors with non-diagonal terms in the 
specific case of the closure relation for polaritons made of 
Wannier excitons. The totally compact although rather 
sophisticated form for the closure relation of polaritons 
made of Wannier excitons thus constitutes an important 



milestone in our understanding of the many-body physics 
of composite quantum particles. 



II. ELEMENTARY BOSONS, WANNIER OR 
FRENKEL EXCITONS, POLARITONS 

A. Elementary /composite bosons 



B j ,,B J 



The creation operator of elementary composite bosons 
fulfill both [Sy.-Bjl = B\,B\ - B~]b\, = and 

- Sj/j. If we now turn to composite parti- 
cle made of linear combination of free fermion pairs 

B}=J2(n,m\j)albl\v) (3) 

where \j) = Bj\v) while \m,n) = d^b^v), where 
and 6jj create the two fermions out of which the com- 
posite particle is made, it is easy to check from the anti- 
commutators of fermion operators, namely |aj„/, a>m\ = 

a ln' a tn + a m a ln> = ® an d = 0' tnat these com- 

posite particles behave as bosons with respect to the cre- 



ation operator commutator 



0. This holds 



both for fermions of different nature, as the electron and 
proton of an hydrogen atom, so that [0^,6^ J = 0, and 
for fermions having the same intrinsic nature, as the elec- 
tron and hole of an exciton, so that {0^,6^} = 0, the 
hole being a valence electron absence. 

By contrast, these composite particles differ definitely 
from elementary bosons through the other commutator 



B f) B\ 



= 5 j'j - D j'j 



(4) 



for Bj\v) being system eigenstate, so that (v\Bj'Bj\v) — 
Sj'j, as easy to check from {om^sj,} = S m ' m and 
{b n i, = S n i n . Again it should be stressed that eq.(|l]) 
holds both for fermions having the same or different na- 
ture. 

The whole purpose of the composite boson many- 
body theory we have recently constructed Q, is to deal 
with the "deviation-from-boson operator" Dy j , appear- 
ing in ((4]), exactly. It essentially generate the so-called 

dimensionless "Pauli scatterings" A ( ^ ) for carrier ex- 

changes in the absence of carrier interaction, through 



32) 



4 

J 2 



(5) 



An entire algebraic strategy, based on commutators like 
eqs.(f?]) and ([5]), is developed in 0] and references therein. 



B. Wannier /Frenkel excitons 

Since these excitons are both made of fermion pairs 
while their closure relations are found to be different, it 
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can be of interest to briefly recall the physical origin of 
this difference. 



1. Wannier excitons 



and similarly for N free holes. This readily shows that 
eq. @ is indeed a closure relation for the N electron-hole 
pair subspace, one 1JN\ coming from the N free electrons 
and the other l/N\ coming from the N free holes out of 
which the N Wannier excitons are made. 



Wannier excitons exist in semiconductors having exci- 
tations well represented by delocalized electrons and de- 
localized holes. Direct Coulomb processes between one 
electron and one hole lead to correlated pairs, the exci- 
tons, which can be in bound or extended states. These 
excitons, eigenstates of the semiconductor hamiltonian, 
thus form a complete set in the one-electron hole pair 
subspace, their closure relation reading 

/l X) =£|j)<j|=X>>>m (6) 

3 j 

with the sum taken over bound and extended states. In- 
stead of correlated electron-hole pairs, i.e. excitons, we 
can also consider free electron-hole pair states |k e ,k/,) = 
a k e ^k \ v )- They also form a complete set for the one 
electron- hole pair subspace, their closure relation read- 
ing 

rO) A h ) 



= E a l b L\ V )( V \ b ^ a *e ( ? ) 

k c k h 

From \ j) = Jj_ l[ \j), we readily find the link between 
Wannier exciton creation operators and electron-hole cre- 
ation operators 



B]= (*eM\j)<&bl h 



(8) 



k c k h 



We now turn to N pairs. Using the above equation, 
we can rewrite the sum in eq. as 

V ' 7 {k} V 3i j 
J2(K N 'K N \ jN)(jN \k h 

x b^ • • • 4/ n \v) (v|6 khN a kcjv ■ • • &k hl a kci 

(9) 

Due to eq. ©, the sum over j\ reduces to 5^ k ei $k' h k hl 
and similarly for the other sums. So that 



A*) _ r(e) T W 
1 N — 1 N A N 



(10) 



where Ifc' is the closure relation for N free electron 
states, namely, 

i( n = m E a L 1 --- a t N \ v )( v \ a *N--- a Ki ( n ) 



2. Frenkel excitons 

Frenkel excitons are rather different than Wannier ex- 
citons due to the underlying tight binding approximation 
on which these excitons are based. It makes their creation 
operator reading as 



F> - 
Q ~ 



1 



= V e lQ ' R " 
N s ^ 

u 71— \ 



(12) 



where = a^b^ creates one electron- hole pair on the 
same atomic site R„, with Ns being the number of 
atomic sites in the sample. 

If we now consider one-electron states, their closure 
relation reads ij e ' = ^2 n ajj|t;)(u|a n , and similarly for 

one-hole states reads l[ h ' = J2 n , b^, \v) (v\b n i ; so that the 
closure relation for all the one-electron-hole pair states 
appears as 



Ae) Ah) 
1 i 1 i 



E a l b l>\ v )( v K ,a 

Fl\v)(v\F, 



E 



E 



alb^v) (v\b n ' a r , 



(13) 

We then note that states in which electron and hole are 
not on the same site have a much higher energy than 
states F^\v), due to the electrostatic energy cost to sep- 
arate electron from hole in the tight-binding limit [9J]. 
Consequently, the closure relation for the subspace made 
of the lowest energy electron-hole states can be reduced 
to the first term of eq. (TIB")) . This phase-space reduction 
is at the origin of the closure relation difference between 
Frenkel and Wannier excitons. 

If we now use eq. (|12[) , wc find due to lattice periodicity 



A F ) 



F^\v){v\F Q 



Q 



_LE |^ ei Q.(K n ,-H„)j F i Jv){v]Fn 



(14) 



Consequently, /-{ is a closure relation for the one-pair 
states belonging to the lowest energy subspace, i.e., the 
one of physical relevance. 

We now turn to 2-Frenkel exciton states. The closure 
relation for 2-electron states reads 



I. 



(e) 



\ E a ni a n 2 \ v )( v \ a n* a ni 



2! 



(15) 
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By writing the one for 2-hole states as 



bl 1 bU\^\K>b ni +bl a bl 1 \v){v\h ni br. 



T.' 1 ,Tl27^ Tl li n 2 



(16) 



the closure relation restricted to the subspace made of 
2-electron-hole states with lowest energy reads as 

4 e) ii h) - 1 (| 2) £ ^^Li«><i;|^^ (17) 

' "1,12 

Eq. (fT2l) then allows to show that 

^ 4Z ^ Ql Fl\v){v\F Q2 F Ql 



01 E ( E 1 



Qi,Q 2 



iQi-(R„/ -RnJ 



2! 

x 

Q2 



Qi 



«Q2-(R.„> -R„ 



^yik)(H^2^(i8) 



So that, due again to lattice periodicity, we find 



The same procedure allows us to show that the closure 
relation for the lowest energy subspace made of states 
with electron and hole on the same site, reads [7[ 

4 F) ^E^-Iwh^'"^ (20) 



{Q} 



We wish to insist on the link which exists between the 
subspace reduction to the lowest energy states (which 
makes closure relations like the one of eq. (jTTJ) only 
approximate), and the fact that Frenkel excitons have 
a 1/7V! prefactor in their closure relation, instead of a 
(1/iV!) 2 as for Wannier excitons, these last excitons be- 
ing made out of the N available free electrons and N 
available free holes. The change from 1/Nl to (1/7V!) 2 
actually comes from the tight-binding approximation on 
which Frenkel excitons are based, and which dramati- 
cally reduces the number of pairs out which they are 
constructed. 



C. Polar itons 

Let us end this section by recalling some useful results 
on polaritons [1, [l(| ■ Polaritons are the exact eigenstates 



of one photon coupled to one exciton. A convenient way 
to write the photon-semiconductor coupling W p h- S c is 



IF, 



ph—sc 



= E °^ a n B i + h - 



(21) 



where a) n creates one photon in the eigenmode n, namely 
I n) = a^ n \v) while fl n j is the Rabi coupling of this photon 
to the exciton j. This form allows us to immediately see 
that photons are predominantly coupled to ground state 
excitons, their Rabi coupling being the largest, while the 
Rabi coupling to free electron-hole pairs is essentially 
constant for each allowed transition. 

The closure relation for states made of linear combina- 
tion of one photon and one exciton, 



j| v) +4 x) = £i n X n i + EiM'i 



(22) 



(") 



leads to write one-polariton states as \p) = 
I\ )\p). This shows that the polariton creation oper- 
ator defined by C^\v) = \p), reads as linear combination 
of photon and exciton creation operators 



(23) 



In the same way, by using closure for one-polariton 
states, which are eigenstates of the coupled photon- 
exciton system, we have 



EIpXpI 



(24) 



( p) 

From \n) = I\ \n 



and \j) = I\ \j), we then find that 
photon and exciton creation operators can be written in 
terms of polaritons as 



(25) 
(26) 



The prefactors (n \p) and (7 \ p) a re nothing but the so- 
called Hopfield coefficients [8|, [l(| • For normalized states 
(jp' \p) = 5 P > p while {n' \n) = S n > n and (j' \ j) = j, these 
coefficients are such that 



ElHp)l 2 + El0»l 2 = 1 



(27) 



This shows that polaritons can go from pure photon when 
(n\p) — 1 to pure exciton when (n\j) = 1, i.e., from 
elementary boson to 2-fermion boson. The purpose of the 
next section is to show how this possible change shows 
up in the closure relation of N polaritons, starting from 



t(P) 



T (V) _l j(X) 



which follows from eqs. (l2"3"|) and (I25l26p . 



(28) 
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CLOSURE RELATION FOR POLARITON 
STATES 



III. 



Eq. (I24|) readily gives the closure relation for N = 1 
polariton states in terms of polariton operators as 



(29) 



Let us now see how this simple form transforms when 
N increases. We start with polaritons made of Wannier 
cxcitons. 



A. 2-polariton states 

1. Construction of the 2-polariton closure relation 

Due to eq. (|23|) . the two-polariton state C^C^Jv) is 
a linear combination of two-photon states cv ni cv n \v), 
two-exciton states B\ B\ \v) and one photon-one exci- 

3l 32 1 ' 1 

ton states alB\\v). So that the closure relation in the 

3 1 ' 

2-polariton subspace has to be the sum of the ones for 
these three types of states, namely 



I 



I, 



(X) 



(30) 



Since photons are elementary bosons their closure rela- 
tion reads as eq.Q}, while in the case of Wannier excitons 
the closure relation is given by eq.©; so that these three 
terms read as 



7-M A*) 
1 i 1 i 



(31) 



A*) _ 



(33) 



To calculate C^C^v) , we must remember that, 
due to eqs. (|4l5p . the scalar product of two Wannier ex- 
citons is given by 

{v\B n B n B],B)\v) = 

^A/+^^-A(^()-A(g() (36) 

while from the two ways to form two excitons out of two 
free electron-hole pairs, we do have 



(37) 



3132 



Using these two equations, it becomes easy to show that 

4 X) cl,ci\v) = 2 4X>|p>&b>aj 1 B >> ( 38 ) 



3l32 



So that, by collecting all the terms of eqs. (|34|35I38|) . we 
end with 



4 P) Cl,C}\v) = 



J2(ni \p')ai i+ J2(n \p')Bl 



\v) (39) 



J2 ("2 \p) 4 2 + E (?a Ip> B h 



the RHS being nothing but C^C^v), due to eq. (j23j) . 

We are left with writing the sum in eq. (|30[) in terms 

of polaritons. Eq. (f2"6")l gives £>j in terms of Cj,, so that 

( p) 

the exciton-exciton part of readily gives 



jW = 1 \ ' ^ 7T^ C\C\ \v)(v\C P2 C Pl (40) 
2 4 Z-^t p[ pi p 2 P2 Pi p 2 1 ' x 1 P2 Pl y ' 



\ ^ (X) (X) M 



(p) 

To get some confidence in the fact that the sum I2 
is indeed a closure relation for two polariton subspace, 
it is possible to directly check that with this expression 
of I { 2 P \ we do have C^C^v) = Cj,Cj|«) for any 
(p',p). This can be done by first writing Cy and Cj, 
in terms of photons and excitons according to eci . (f2"3")l . 
We then use the fact that photon and exciton operators 
act in different subspaces, while (w|o! ri2 a ril aJ l ,aJ 1 |u) = 



&n-2 n^ni n' 



S„ 2 „'S ni „. This readily gives 



(x) 

where -k , ' physically corresponds to the polariton- 
exciton overlap 



^ = ( P vr>\p) 



(41) 



(x) 

1^ being the projector over the one exciton subspace 
defined in eq. ©• In the same way, by writing ajj in 
terms of according to eq. ([23|) . and by noting that, due 
to eq. (|22| . the projector over the one-photon subspace 

can be replaced by — l[ , we find that the 



1$ C f pl Cl\v) = — 2 ^ ("1 \p')( n 2 \p) <4n a l.2 \ v ) photon-exciton part is made of two terms 



(34) 



T (u) AX) _ 



l[ v) l[ x) cl,Cl\v) = E [{^\p'){h\p) + {ni\ P ){ji\p'} 



xoi^v) (35) 



Pi Pl P2 

Pl P2 
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while the photon-photon part is made of three terms 

# ) = \ Y, c t c t»^ c p* c pi 

PI P2 

-\ 2 E 4fl c k c k\ v )M c p^ 

Pi Pl P2 

p[ p' 2 

Pl P2 

(P) 

By collecting these three contributions, we find that I2 , 
when written in terms of polariton operators, reduces to 
two terms only, namely 

Pl P2 

k (X) v (X) C\c\\v)(v\C V0 C Pl (44) 
4 Z-^i P1P1 P2P2 p[ p 2 ' /v 1 P2 Pl v ; 

p'l p'2 

Pl P2 

{ v\ 

the terms with one polariton-exciton overlap ir p , ' can- 
celling exactly. 

2. Analysis of the 2-polariton closure relation 

Before going further, let us physically analyse in de- 
tail the 2-polariton closure relation (f44|) . If all polari- 
tons were just photons, the projector on exciton sub- 
space would give zero, l[ X ^\p) = 0; so that the clo- 
sure relation would reduce to its first term, namely, 
1/2 Yl C^ i Cj )2 \v}(v\C P2 C pi , this term having the same 
1/2 prefactor as the one of the closure relation for two 
elementary bosons. In the same way, if all the po- 
laritons were only excitons, their projections on the 
exciton subspace would give 1^ '\p) — \p); so that 
p' p = <V?- Their closure relation would then read 
(1/2 - 1/4) £ C^C^ivlCp.Cp,: we recover the clo- 
sure relation of two Wannier excitons, with its 1/4 pref- 
actor. Since polaritons are partly photon and partly ex- 
citon, the closure relation for polaritons has to include 
the exciton fraction of these polaritons explicitely. This 
appears through the matrix elements ir p , ' which allow 
us to go from the closure relation of pure photons with 
its 1/2 prefactor, to the closure relation of pure Wannier 
excitons, with its 1/4 prefactor. 

It can be of interest to note that this closure relation for 
polaritons could as well be written in terms of projections 
over the photon subspace, instead of projections over the 
exciton subspace. Due to eq. (|28|) . these two projections 
are linked by 

^ = < P '|^ ) b)=Vp--i> ) (45) 



in terms of TO^'s as 

J 2 P) = \ E c L c k\v)( v \ c p* c Pi 

Pl P2 

+\ E ^A'CiMWp^ 

P'l Pl P2 

4E^UlL^>>H^ 2 C Pl (46) 
p'l p'2 

Pl P2 

This second form of the closure relation for 2-polariton 
states turns out to be less compact than eq. (|4"4")) which 
uses n p , p ', since it contains three terms instead of two. It 
however allows us to readily see that, if all the polaritons 
were pure excitons, i.e., if all the tt^'s give zero, we get 
the closure relation for 2 Wannier excitons with its 1/4 
prefactor. Note that eq. (|4€>[) also allows to recover that, 
if all polaritons were pure photons, i.e., if all the Tr^'s 
reduce to 8 p i p , the closure relation reduces to (1/4+1/2 — 
1/4) CpiCp 2 1 v )( v I C P2 C Pll with the same 1/2 prefactor 
as the one for two elementary bosons. 

A third possibility is to use the difference between the 
exciton and photon weights of the polariton, namely 

v ? = (f'l(A w -^)b) (47) 

Eqs. (I45I47P then give the closure relation for 2-polariton 
states, eq. (|4"4")l . as 

J 2 P) = jq T, c k ci pM( v \ c p* c Pi 

Pl P2 

~l E Vi P i^t>)Hc P2 c< P i 

P'l Pl P2 

~TE E «v'iPi*P'2P2Cl,Cl,\v){v\C P2 C Pl (48) 
p'i p'2 

Pl P2 

In the case of 2D-microcavity polaritons, these equations 
could then be further simplified in terms of the explicit 
Hopfield coefficient for the upper and lower polariton 
branches, as done in ref. [Ioj |. 



B. 3- and 4-polariton states 

According to eq. (|2li|) , the 3-polariton state 
Cp//Cp/Cp 2 \v) contains states with three photons, 
states with two photons and one exciton, states with one 
photon and two excitons, and states with three excitons. 
So that the sum 

4 P) = 4 V) + I^l{ x) + jW + I { 3 X) (49) 



Using this relation, we can rewrite closure relation (I44|) 



is a closure relation for 3-polariton states. 
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Eqs. ([2]) and ([26]) readily give the closure relation for 
states made of 3 excitons as 



= (^) 2 j:BiB} 2 Bl\v)(v\B 33 B 32 B n 



0} 



V 3 1 / Pi pi P2P2 P3P3 

v ' 7 {p} 



xC^C^XHCps^C-px (50) 



If we now turn to the closure relation in the subspace 
made of 3-photon states, eq. ([25]) allows us to write it as 



lo — 



3! 



1 V"^ (u) (u) (u) 
— > 7T , 71"/ 7T , 

31 Z-^i pipi P2P2 P3P3 
{p} 



xC k c k c k^^ c ^ c ^ ( 5i ) 



By using eq. ([45]) to write 7r^p in terms of tt^, and 

by relabelling the bold indices, this I3 operator can be 
rewritten as a sum of terms with zero, one, two and three 



IX) 



tt (X) : 
p'p 



31 E ^pi^M^Psl^^l^Ps^Pa^Pi 

31 p 2 P2 p 3 P3 

31 ./-^ Pi Pi P2P2 p 3 



Pa P3 

x CJiC^C^ WHC^C^C,, (52) 



If we now perform the same kind of transformations for 
the closure relation of states made of two photons and 
one exciton, namely, 



in terms of polariton operators as 

(P) 



I. 



E C p ' 1 C p ' 2 C p ' 3 \v)(v\Cp 3 Cp 2 C pi 

- \ E Cl,Cl,Cl\v)(v\C P3 C P2 C Pl 

9 Z-^l Pi Pl P 2 P2 P 3 P3 

x^^C^I^^IC^C^C^ (55) 



We note that, as for 1% , given in eq. ([44]) . does 
not contain term linear in polariton-exciton overlap Tr p , p . 
We also note that the sum of the three prefactors, namely 
(1/31-1/4+1/9) is equal to ( 1 /3 ! ) 2 , as for 3 Wannier exci- 

tons. Indeed, if all polaritons were pure excitons, I{ \p) 
would be equal to \p) for all p, so that we should find 
the closure relation for 3-exciton states with its (1/3!) 2 

prefactor. In the same way, we see that, if all polaritons 

i X) 

were pure photons, their projection I{ \p) on the exci- 

ton subspace would reduce to zero; so that 1^ would 
reduce to its first term - which is nothing but the closure 
relation of 3 photons, i.e., 3 elementary bosons. Con- 
tributions to the closure relation of polaritons which are 
partly photon and partly exciton are far more compli- 
cated; they have to contain the excitonic weight of these 
polaritons explicitely, as seen from eq. (|5"B"|) . 

If we now consider 4-polariton states, and follow a sim- 
ilar procedure, we find a term with no polariton-exciton 

( x ) 

overlap Tr p , p , its prefactor being (1/4!), no term with one 

( Y\ (X~\ 

n p , , a term with two n p , , its prefactor being (—1/8), a 

term with three ir p , p , its prefactor being 1 /9, and a term 

with four ittfpi its prefactor being — 15/(4!) 2 . Although 
these prefactors are individually not physically meaning- 
ful, their sum [1/4! - 1/8 + 1/9 - 15/(4!) 2 ] reduces to 
(1/4!) 2 as expected for 4 Wannier excitons: here again, 
we go from prefactor (1/4!) for 4 polaritons being pure 

photons, as obtained with the term having zero ir p , , 

to (1/4!) 2 for 4 polaritons being pure Wannier excitons, 
( X) 

when all the Tr p , p are equal to 1. 



A*) 

1 2 1 l 



1/1 

2! 



and for states made of one photon and two excitons, 
namely, 



r(") AX) 
1 1 1 2 



1/1 



1! V2! 



we find that the closure relation for 3 polaritons which 
correspond to states made of 3 photons, 2 photons and 1 
exciton, 1 photon and 2 excitons, and 3 excitons, reads 



C. iV-polariton states made of Wannier excitons 

We keep using the same procedure and start from the 
sum of closure relations in the subspace made of N pho- 
tons, (N — 1) photons and one exciton, (N — 2) photons 
and two excitons, and so on... up to the subspace made 
of N excitons solely. This leads to 



j{P) 



N 

ST rW 

k=0 



(56) 
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According to eqs. (|1I2[) , we can rewrite the closure rela- 
tion products as 



to reduce to zero whatever JV is, in agreement with what 
we previously found, since its general form reads 



(u) (X) _ W 1 \ a(k) (5?) 

h *N-k- k] {(N-k)\J bN [b7) 
in which we have set 



(v\B jN ■■■B jk+1 a ik ■■■a ll (58) 



We then use eqs. (|25I26[) to rewrite photon and exciton 
operators in terms of polaritons. This leads to 



N 



& = e iru n 

{P'}{p} \*=1 / \i=k+l 

* C l { --- C l- N \ v )^\C PN ---C Pl (59) 



We can now choose to only keep 71^, or n p " p , or to 
introduce their difference tt p > p . 



1. N-polariton closure relation in terms of exciton weights 

To get the closure relation for JV polaritons in terms 
of exciton weights, we rewrite n p , p as S p r p — using 
cq. (|45|) . By relabelling the bold indices, we end with 
a closure relation for JV polariton states which has the 
same structure as the one previously found, with terms 
a priori having (0,1,2,..., JV) polariton-exciton overlaps 

7T<*>. 
P'P 

, (i) PO 

xCj,Ct 2 ...Ct N |«)( u |C' PJV ---C' P2 C Pl 

IN p'j Pl pj, p 2 

x C , Cl ■ ■ ■ C PN \v){v\C PN ■ ■ ■ C P3 C P2 C Pl 



1 (/v) x ( x ) 

+ 7 w > 7T , 7T , 



The above equation already shows one important feature 
of the closure relation for JV polaritons made of Wannier 
excitons, compared to the photon one written in eq. ([T]) 
and the Wannier exciton one written in eq.©: 1^ , ex- 
cept for its first term, is not diagonal with respect to 
polariton operators, the term with n overlaps having n 
polaritons changing from state p to state p' . 

The prefactors 7^ in this sum follow from the pref- 
actors of closure relations in the independent photon- 
exciton subspaces and the various relabelling of bold in- 
dices. The prefactor of the term with one ir p , ' is found 



(i) = _ , C n-i (}_ 
Jn JV! (JV — 1)! VI! 



(61) 



N — JV!/n!(JV — n)! is the number of ways to 



where C 

choose n overlaps among JV. If we now consider the pref- 

(X) 

actor of the term with two ir p , ' , it reads 



„(2) _ C% 



c 1 



lN JV! (JV- l.i! \ I! 
1 



^N-2 



(JV — 2)! V2! 



2 2 (JV-2)! 



(62) 



In the same way, the prefactor of the term with three 



7Tw2, reads 



(3) 

7jv 



r 2 

U N-1 



JV! (JV- 

^N-2 

(JV — 2)! 



3 2 (JV-3)! 



^N-3 

(JV-3)! 



(X) 

and the prefactor of the term with four Tr p , is found to 
be 



(63) 



(4) 

Tn 



r 4 

JV 



C 3 



iV! (JV-1)! 



3! 



(JV-3)! 
15 1 



C 2 
(JV-2)! 

L 'Af-4 

(JV-4)! 



(4!) 2 (JV-4)! 



(64) 



The above results agree with the ones we previously 

(2) (3) 

found. While 7]^' and 7)/ would lead to guess a raher 
simple form for jffl , its value with n = 4 actually shows 

that this is not so. It is however possible to put 7]^ in 
a compact form in the following way. For general n, the 
prefactor 7^ of the terms with n overlaps reads, 
due to the various prefactors of the closure relations for 
photons and excitons, and the possible relabelling of bold 
indices, as 



7& ) = 5> 1 ) B ^ C £S 

p=0 



1 



(JV-p)! \p\ 



(65) 



By writing as JV!/n!(JV — n)!, this leads to 



(n) 

r N ' = 



(JV 



(-!)*• 



n ) ! p~^ \P ! 



(-1)' 



(JV - n)!n! 



F(-n,l;l) 



(66) 
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where F{a,j;z) is the degenerate hypergeometric func- 
tion (or confluent hypergeometric function of the first 
kind [HI, EH), defined as 



F(a, T ,z) = 1 



a z 

7 il 



a(a + 1) z 2 
7(7+1) 2! 



(67) 



Since F(0, 1; 1) = 1, we readily find 7^ = 1/JV!. In 



the same way, F(—l, 1; 1) = leads to 7^ = 0, while 

F(-2, 1; 1) = -1/2 leads to 7^ = -1/(4(JV - 2)!); and 
so on . . . 

Eq. (|60|) shows that, if all the polaritons were pure 

{ X) 

photons, i.e. if all the 7r^, ^ , s are equal to 0, the closure 

relation would have the prefactor 1/JV! of JV elementary 

(p) 

bosons. In order to show that the closure relation I N 
reduces to the one of JV Wannier excitons, with its prefac- 
tor (1/Nl) 2 , if all the polaritons were pure excitons, i.e. if 

(X) 

all the 7Tp/ s are equal to 1, we must show, as explicitely 
checked for JV — (2,3,4), that the sum of all prefactors 
appearing m eq. (|6T)]) reduces to (1/JV!) 2 , namely 



1 N 
^ + E^v 



(») 



JV! 



JV! 



(68) 



We fist note that, using eq. (j66|) , this equation also reads 
Z N = 1/JV! where 



N 



z N = E^r^E^-j ( 69 ) 



p=0 



pi 



To show that Z 



jv = 1/N\, we first note that 

ir = oE"o = E P loEt, while Qc r ^= cir N -_ p p 

which follows froi 
to rewrite Zn as 



which follows from the definition of C^. This allows us 



N ,_ ]p N 

z * = Y,—r c N E(~ 1 )" c ^4 ( 7 °) 

p— n—p 

To go further, we set n' = n — p in the last term and note 
that 



N-p 



n'=0 



or for N Wannier excitons, it is yet compact. From it, 
we can recover expressions like eqs. ([T]) and @, with 
prefactors 1/7V! and (1/iV!) 2 when considering polaritons 
as pure photons or as pure Wannier excitons. However, 
since polaritons have a mixed nature, as seen through 
the projection I[ \p) which for most polaritons differs 
from and \p), the general form of the closure relation 
for N polariton states (|60p has to be more complicated 
than the one of N photons or N Wannier excitons; in 
particular most of its terms are non-diagonal with respect 
to polariton operators. 



2. N -polariton closure relation in terms of photon weights 
To get the closure relation for N polaritons in terms of 

_____ (JC) 

photon weights, we just have to rewrite in eq. (|59|) ir^, p as 

5 p i p — in order to only keep projectors over the 
photon subspace. The closure relation for iV-polariton 
states then appears as 

N /JV— n \ 

n=0 {p'}{p} \ »=1 / 

xCl,-.-Cl,Cl +i ..-Cl N \v){v\C PN .--C Pl 

(72) 

Prefactors 7^' are similar to prefactors 7]^ in the 



closure relation (|60[) when written in terms of exciton 
weights, except that pi and (JV — p)\ are exchanged, as 
reasonable due to their physical origin. They precisely 
read 



_(«) _ ST^ ( _ 1)n -p C n- P j_ f J_ 



p=0 



p\ \(N-p)\ 



(73) 



This immediately shows that 7^' = (1/jV!) 2 ; so that 
eq. (|73|) readily gives a closure relation with the Wannier 
exciton prefactor if all polaritons were excitons, i.e., if all 
^j/p reduce to zero. 

As for 7^ , it is actually possible to write 7^ in a sim- 
ilar way in terms of hypergeometric functions, according 
to 



For x = 1 this shows that the sum over n in eq. ijTOI 
reduces to Sn p . So that eq. (f7T7|) leads to 



U JV 

JV! 



1 

JV! 



(71) 



as necessary to prove eq. (|68|) . Hence we recover the clo- 
sure relation for Wannier exciton ^ if all the polaritons 
were pure excitons. 

We thus conclude that, although the closure relation 
for JV polariton states written in eq. l|6"0|) is definitely far 
more complicated than the one for JV elementary bosons 



_(n) 
7iv 



EM) 



1 



(JV-n)! ^ ~' p\(N-p)\(n- P y. 



(-If 



JV! (JV-n)!n! 

(-1)" 
JV! (N-n)\n\ 



U(-n, 1 - n + JV; 1) 
G(-n,-JV;-l) (74) 



where the hypergeometric function U(a, c; z), also called 
confluent hypergeometric function of the second kind [Til . 
|l2[, is linked to the function G(a,/3;z) introduced by 
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Landau IS 



G(a, /?; z) = 1 + — + — + ••• (75) 



through [/(a, c; z) = z a G(a, a + 1 — c; —z). 

In the same way as for eq. (|68|) . it is possible to show 
that 



1 \ 2 N I 
M + X) = 



JV! / ^ ,iV TV! 

7 n— 1 



(76) 



in order to go from the (1/Nl) 2 prefactor of Wannier 
excitons to the 1/iV! prefactor of elementary bosons. 



3. N-polariton closure relation in terms of weight 
differences 

The closure relation for N polaritons in terms of weight 
differences, which is an alternative to eq. (|60|) and (|72|) . 
can be derived by using the weight difference ir p i p defined 
in eq. (|47p . This projector difference is quite interesting 
since it treats on an equal footing the excitonic weight 
and the photonic weight of the polariton; therefore, we 
expect prefactors equivalent to 7^' or 7^, in e qs. ([60]) 
or (fT!?]) . to be somewhat intermediate between 1/N\ and 
(1/iV!) 2 . 

By writing n^ p as {5 p > p - n p > p )/2 and n p f^ as (6 P > p + 
7T p /p)/2, we see that, in eq. (j59|) , the first product on i (re- 
spectively the second product on j), contains C l k (respec- 
tively C r ^_ k ) terms that appear with exactly I (respec- 
tively to) factors of the type —ir p > p (respectively +ir p > p ), 
the other products involving trivial S p ' p . By relabelling 
the {p'} and {p} indices in every term of sum (|BT))) , we 



find, after commutations of the corresponding C , and 

C Pj operators, that all these terms look identical and have 
a 8 p i p for the last (I + to) indices. Using them to simplify 
the sums, we get 



k N-k 

= 2N X X ^ ^N-k 

1=0 m=0 

/l+rn \ 

x x n^p* 

{ P '}{p} \%=i 1 

x c lr-- c L ct l+m+1 ---cl N \v)(v\Cp N ---c pl 



(77) 



We now come back to Ifr' defined in eqs. (|56l57p . 
and substitute eq. ([77]) . By interchanging summations 

k=0 £l=0 J2 m =0 aS El=0 J2m=0 Efc=I . we can S r0U P 



all terms in the following way 

N N-l N-f 



I 



(P) 
N 



7N X/ X X 



i-iy 



2 n z_, ^ ;!(fc-/)!(iV-fc)!m!(iV-/c-TO)! 
/l+m \ 

x x n^p. 

x C k ■ ■ ■ C l' l+m C p^ ■ • • C p« l«> (v\C PN --- C P1 

(78) 

By introducing n = (/ + to), we finally get after simplifi- 
cation of all indices 

N / n \ 

4 P) - X4 l) X IK* 

n=0 {p'}{p} \»=1 / 

xqt i ...cJ B c4 +1 ..-cJ w |«)<«|cr pw ..-c' K 

(79) 

which is an alternative form for the closure relation given 
in eqs. (|6"0")) and l|72p. but written in terms of weight dif- 
ferences iTp'p. T^p in this sum appear as the following 
series 



r (») _ (-1)' 

1 AT 



N 2 N m 



C n X ( -jr- C n F ( n + -1) (80) 



1=0 



of degenerate hypergeometric function F(a, 7; z) defined 
in eq. (|67p . Unfortunately, we could not find for them 

expressions as compact as eq. (|6"6")) for 7^, or ea. ([7i|) 

(n) 

for j N . We can however check that, for N = 2, 
eq. ([5TJ|) leads to the factors 7/16, —1/8, —1/16 obtained 
in eq. (|48p . This new form of closure relation is the rel- 
evant one when the polaritons of interest are half pho- 
tons/half excitons, as in the case of 2D microcavity po- 
laritons close to zone-center when the photon detuning 
is very small (c.f. ref. [l(| )• 



D. Effects of fermionic components in polaritons 

In order to better grasp the importance of fermionic 
components in the closure relation of composite bosons, 
let us add two more closure relations to the four we al- 
ready have at hand, namely the ones for bozonized exci- 
tons, Wannier excitons, Frenkel excitons and polaritons 
made of Wannier excitons. These are the ones for po- 
laritons made of bosonized excitons and polaritons made 
of Frenkel excitons. We are going to show that, in these 
two cases, in spite of the composite nature of the quan- 
tum particles, the closure relation is just the one of N 
elementary bosons. 

In order to make things simpler, we restrict the deriva- 
tion of these new closure relations to the case of 2- 
polariton states. The closure relation for two po- 
laritons P either made of Frenkel excitons, or made of 
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bosonized excitons, reads as 1% + 1^ ' l[ B%> + 1^*. This 
leads to 



2j a ii a U\ v )( v \°^2ani 

+ ^Y,z]B} 2 \v){v\B h B jl (81) 



Let us stress that, when compared to eq. (|30l) . the prefac- 
tor of the last term is 1/2! instead of (1/2!) 2 , due to the 
closure relation of the excitons on which these polaritons 
are constructed. If we now write these photon and exci- 
ton operators in terms of polaritons by using the closure 
relation for one polariton states, namely l[ = ^2 \P)(p\, 



(p) 

we find that I 2 a l so reads 



Pi Pi P 2 P2 



+ n {X) ir {X) ) C\c\\v)(v\C^C m (82) 

Pi Pi Pi P2 J Pi Pa " Pi V ) 

After relabelling (p 2 ,P2) into (p[,pi) in half of the second 
term, the factor in parenthesis reveals products of {^\ + 

TT p , ; ) which all reduce to (p \p) = 5 P ' P . So that the 
closure relation for two such polariton states 



(83) 



reduces to the one of N = 2 elementary bosons. A similar 
result is found for the closure relation for N polaritons 
constructed on bosonized excitons or on Frenkel excitons. 



IV. DISCUSSION 

We end this paper by comparing and discussing the 
different expressions of closure relations for composite 
bosons we have obtained. Let us first list them for clarity. 

(i) The closure relation for N elementary bosons is di- 
agonal and has a l/Nl prefactor. 

(ii) The closure relation for N Frenkel excitons has the 
same form and the same 1/N\ prefactor. 

(iii) The closure relation for N polaritons made of 
bosonized excitons has the same form and the same 
l/Nl prefactor. 

(iv) The closure relation for N polaritons made of 
Frenkel excitons has the same form and the same 
1/N\ prefactor. 

(v) The closure relation for N Wannier excitons has 
the same form but a (1/A!) 2 prefactor. 

(vi) The closure relation for N polaritons made of Wan- 
nier excitons has a more complicated form with 



non-diagonal terms in polariton operators, and 
prefactors which depend on the photon or exciton 
fractions in the polaritons of interest. This closure 
relation however reduces to the one of N photons 
with its diagonal form and its l/Nl prefactors when 
all polaritons are seen as pure photons, while it re- 
duces to the one of N Wannier excitons, with its 
(1/A!) 2 prefactor when all polaritons are seen as 
pure Wannier excitons. 

The closure relation for Wannier excitons, is, in some 
sense, the most interesting one since it has the same sim- 
ple diagonal form of elementary bosons, but a huge pref- 
actor change, (1/7V!) 2 instead of (l/NV). This seems to 
indicate that the internal structure of composite bosons 
must be quite important for the closure relation prefac- 
tor. However, we should not be too fast in driving such a 
conclusion. Indeed, the fact that the closure relation for 
N Frenkel excitons in contrast has the 1/N\ prefactor of 
elementary bosons, just proves that for other composite 
bosons which are also made of two fermions, the closure 
relation prefactor may still be identical to the one of el- 
ementary bosons. For Frenkel excitons, we have shown 
that this is linked with the degree of freedom reduction 
occurring when constructing the relevant phase space for 
fermion pairs out of which these excitons are made. 

Further along this line, the fact that the closure rela- 
tions for N Frenkel excitons, for N polaritons made of 
bosonized excitons and for N polaritons made of Frenkel 
excitons all have the 1 /N\ prefactor of elementary bosons, 
proves that the composite nature of the bosons made of 
fermion pairs possibly mixed with photons, is not a deter- 
mining factor for difference in closure relation prefactors. 

With respect to compositeness, polariton made of 
Wannier excitons which is linear combination of photons 
and free electron-hole pairs, corresponds to a far more 
complex composite object, because it can vary from pure 
photon to pure Wannier exciton; so that, depending on 
the relative weight of Wannier exciton in the polariton, 
we do have a composite quantum particle made of lin- 
ear combination of photons and free electron-hole pairs 
or just a photon-like elementary particle. This leads to 
a closure relation having a far more complicated form, 
although fully compact in terms of polariton-exciton (or 
polariton-photon) overlaps. 

To conclude, we have constructed the closure relation 
for N polariton states, starting from the ones for sub- 
spaces corresponding to p photons and (N — p) excitons, 
with < p < N, out of which these N polaritons are 
made. When polaritons are constructed on Wannier ex- 
citons made of free electrons and holes, with a closure 
relation having a prefactor (1/A!) 2 instead of l/Nl as 
for elementary bosons, we find that the closure relation 
for N polaritons depends explicitely on the weight of the 
exciton in the polariton for both its form and its pref- 
actor. This is rather reasonable since, if all polaritons 
were pure photons, the closure relation prefactor should 
be l/Nl, while if they all were pure excitons, we must 
recover the one for N Wannier excitons with its (1/N\) 2 
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prefactor. In contrast, the closure relation for polaritons 
made of bosonized excitons or Frenkel excitons, simply is 
the one of N elementary bosons. 

The fact that, unlike all the other closure relations we 
have up to now obtained, the closure relation for N po- 
laritons made of Wannier excitons is non-diagonal in po- 
lariton operators, outlines the inherent complexity of the 



internal structure of Wannier exciton polaritons as com- 
posite bosons. Most notably, as for the lifetime of N- 
Wannier exciton states due to Coulomb scatterings @, 
the complex structure of the closure relation for Wannier 
exciton polaritons is going to induce noticeable differ- 
ences with elementary bosons in all physical quantities 
involving sum rules. 
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